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, Abstract. The present work splits in two parts: first, we perform a straightforward gener- 

alization of results from [Re], proving autoquasitriangularity of quantum groups U^'^{g) and 
their unrestricted specializations at roots of 1, in particular the function algebra F[H] of the 
' Poisson group H dual of G; second, as a main contribution, we prove the convergence of the 

, (specialized) _R-matrix action to a birational automorphism of a 2£-fold ramified covering of 

Op ' Spec ([/^^(g)) ^ when e is a primitive ^-th root of 1, and of a 2-fold ramified covering of H, 

. thus giving a geometric content to the notion of triangularity (or autoquasitriangularity) for 

\^ ' quantum groups. 

^ ■ 5 1 Definitions 

^ ■ 1.1 Cartan data. Let be a complex finite dimensional semisimple Lie algebra of 

. 5^ , rank n, with Cartan matrix A := {0'ij)j^j^i ^; let R be its root system, Q, resp. P, be 

its root lattice, resp. weight lattice; we fix a subset R'^ (c R) of positive roots, a basis 
{cKi, ...,«„} (c -R^) of simple roots, and we let {ui, . . . ,ujn} be the dual basis of P. 
We denote by W the Weyl group of g, with generators si, . . . , (namely the reflections 
associated with simple roots), and we set := . Finally, we let (di, . . . ,dn) be 

the (unique) n-tuple of relatively prime positive integers such that {diaij)ij^i^,,,^n is a 
symmetric positive definite matrix. 

1.1 Quantum enveloping algebras. We briefly recall some definitions. The quan- 
tized universal enveloping algebra Uhio) is the associative algebra with 1 over C[[/i]] gen- 
erated by Yi, . . . , Yn, Hi, ... , Hn, Xi, . . . , with relations (for i, j = 1, . . . , n) 

HiHj — HjHi — 
HiXj — XjHi = ttijXj , HiYj — YjHi = —aijYj 

XY-YX -6 ^^P(^'^^-^^) ~ ^^v{-hdiHi) 
* ■' ^ '■^ exp(/i(ii) — exp(— /i(ii) 

Typeset by Aj\/\S-T^ 
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1 — a,: 



E (-1)' 

fc=0 

1 — aij 

E (-1)' 



1 — a 



fe=o 



1 - tti 



^3 



where q :— exp(/i) , := q'^* — exp{hdi) , and the Gaussian binomial [^] is defined by 



m 
n 



\m\ 



g — g" 



g - g 



-1 



for all m, n, k, s E N+, n < m, with [s]^, [fej^!, [^j^ G C[g, g ^] . It is known that Uhio) 
has a Hopf algebra structure, given by {i = 1, . . . , n) 

A(FO := ® exp(-/irf,if,) + 1 ® , := -Y, exp{hd,Hi) , e{Y,) := 

AiXi) :=Xi^l + eMhdiHi) ® Xi , SiX^) := - eK.^{-hdiHi)Xi , e(Xi) := . 

Let M be a lattice such that Q < M < P : the quantized universal enveloping algebra 
U^{q) (cf. [DP], §9) is the associative algebra with 1 over C(g) generated by Fi, . . . , F^, 
L^iy ji E M), El,. . .,En with relations (z, j = 1, . . . , n; e M) 



Lo = l 

L^Ej = q^'^^'^i^E^L^ , L^F, = g-^'^I^^^F.-L^ 
R./r. _ p E = A - ^"' ~ ^"'^^ 

1 n-i-'i. — '-'7,'? 



E (-1)' 

L— Ojj 

E (-1)' 



fc=0 



1 - ttij 
k 



1 - ttij 



^1 ai, l^E.pk 



Qi 



A Hopf algebra structure on U^{q) is defined by (i = 1, . . . , n; /i G M) 

A(Fi) := Fi ® L_«, + 1 , := -F^L^, , e(Fi) := 

A(L^) :=L^®L^, 5(L^):=L_^, e(i^^) := 1 

A(£;i) := Fi ® 1 + ® Fi , S{Ei) := -L.^.Ei , e(Fi) := . 



It is clear that [/^^(fl) ^ U^'{q) whenever Q < M < M' < P , this being a Hopf 
algebra embedding. In the sequel we shall also use notation Li := L,^., := L^^ (for all 
i = l,...,n). 
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The very definitions imply the existence of a Hopf algebra monomorphism 

j:U^{Q)^ ^UM 

given by g I— exp(/i) , Fi Yi , Ki ^ exp{hdiHi) , Ei ^ Xi; still from definitions it is 
also clear that this uniquely extends to an embedding 

j:t/f(0)= >UM 

for all lattices M; in particular Ug{g) = — > Uhio) ■ Finally, we shall denote by U^{b+), 
resp. U^{b^), the Hopf subalgcbra of U^{g) generated by L^'s and -Ej's, resp. Fj's: these 
are called quantum Borel subalgebras. 

An interesting property that Hopf algebras can enjoy is quasitriangularity: 

Definition 1.2. (cf. [Dr]) A Hopf algebra H is called quasitriangular if there exists an 
invertible element R & H <S) H (or an element of an appropriate completion of H <^ H) 
such that 

R ■ A(a) • R-^ = Ad(i?)(A(a)) = A°P(a) (1.1) 

(A«)id)(i?) = i?i3i?23 (1.2) 

(id® A)(i?) =7?i3i?i2 (1.3) 

where A°P is the opposite comultiplication, i. e. A°P(a) = ao A(a) with a: A®'^ A®'^ , 
a ®b ^ b ® a , and -R12, -R13, -R23 ^ H®^ (or the appropriate completion of H®^), R12 = 
R^l, R23 = 1®R, Ri3 = (a®id)(i?23) = (id ® cj)(i?i2) . □ 

As a corollary of this definition, R satisfies the Yang-Baxter equation in H®^ (cf. [Ta]) 

R12R13R23 = -R23-R13-R12 

The quantum universal enveloping algebra Uhio) is quasitriangular (for any Kac-Moody 
algebra Q indeed; cf. [Dr], [LS], [KR]): its i?-matrix is 

= n ^^^P'Zc ( (^«~^ ~ ® ^a) • exp f - /i ^ BijEi ® Hj j 

where naej?+ denotes an ordered product (with respect to a fixed convex ordering of i?+ ), 
9a := Q^" (where da. is one-half the square length of the root a; in particular c/q,. = di for 
all i), {Bij).j^-^ ^ := {diaij).j^^ ^, and Xq,, Yq, are g-analogue of root vectors (not 
unique, however) attached to roots a, —a. On the other hand, this is not true — strictly 
speaking — for the C(Q)-algebras U^{g): to be precise we need a slight modification of 
the notion of quasitriangularity, suggested by Reshetikin, as follows: 
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Definition 1.3. (cf. [Re], Definition 2) A Hopf algebra H is called autoquasitriangular 
if there exists an automorphism TZ of H ® H (or of an appropriate completion of H <S) H) 
distinct from a: a®h ^-^ h ® a such that 

7^(A(a)) = A°P(a) (1.4) 

(A O id) o 7^ = 7^l3 o 7^23 o ( A ® id) (1.5) 

(id ® A) o 7^ = 7^l3 o 7^l2 o (id ® A) (1.6) 

Here TZi2, T^is, 7^23 are the automorphisms of H ® H ® H defined by TZi2 — 7^ ® id , 
7^23 = id (g) 7^ , 7^l3 = (a^ id) o (id (g) 7^) o (o- (g) id) . □ 

It follows from this definition that TZ satisfies the Yang-Baxter equation in End{H®^): 

Furthermore, it is clear that if {H,R) is quasitriangular, then (if, Ad(-R)) is autoqua- 
sitriangular. Again from [Re] we resume another definition (but notice that, because of 
later convenience, the present definition is slightly different from the original one in [Re]). 

Definition 1.4. (cf. [Re], Definition 3) Let H be a Hopf algebra, let TZ^^^ be an algebra 



automorphism of H H and R^^^ E H H an invertible element such that 

•7^(°)(A(a)) = (Ad(i?(i)) o7^(°))(A(a)) = A°P(a) (1.8) 

(A ® id) o Te^o) = n^%3 o n^%3 o (a ® id) (1.9) 

(id ® A) o 7^(°) = 7^(%3 ° 7^^%2 o (id ® A) (1.10) 

(A ® id) = R^'\s ■ 7^(^3 {R^^'^23) (1.11) 

(id® A)(i?«) = i?«i3 •7en3(i?^'\2) (1.12) 



then yH, Ad(i?^^-') oTZ^^^j is an autoquasitriangular Hopf algebra, and the element R^^^ is 
called the universal R-matrix 



Finally we recall from [Ta] the strictly related notion below: 



Definition 1.5. (cf. [Ta], ^4) Let H be a Hopf algebra, let $ be an algebra 
of H (S) H and C & H ® H be an invertible element such that 


automorphism 


C"^ .$(A°P(a)) .C = A(a) 


(1.13) 


($23 $i3)(Ci2) = Ci2 


(1.14) 


($12 $13)(C23) = C23 


(1.15) 


(A®id)(C) = $23(Cl3)-C23 


(1.16) 


(id«)A)(C) = $12(Ci3).Ci2 


(1.17) 



then we will say that (H, C, $) is a pretriangular Hopf algebra. □ 
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§ 2 Some g-calculus 

2.1. In this section we introduce some material to be used in the sequel; as standard 
references for g-special functions and related matters we quote [Ex] and [GR] . 
Let us introduce some g-symbols. We have g- numbers 



for s,k,m,n G n < m , with {s)q,{k)^\, (^) G C[g, g and the symbol (a; g)^ := 



11^=1(1 ~ '^q'^) , for n G N, a G C. Now consider the function of z 

00 

n=l 

we regard it as an element of C(g)[[;2]]. The infinite product expressing {z; g)^ converges 
to an analytic function of z in any finite part of C if g is a complex number such that 
|g| < 1; its Taylor series is then 

^ (-1) V^) 

n=0 ^'n 

Also the series 

~ ,(2) 

n 



both converge to analytic functions of z; moreover, one has 

eq{z) = [z] q)~^ , Eg{z) = {-z; g)^ 

so that Eq{—z)eq{z) — 1 . Finally 



exp,(^) :=5^-^^- 

n=0 ^^^1^- 



thus one has 

expg(2) = 6^2(^(1 -g2)z^ . 

We claimed above that {z:,q)^ is an analytic function of z for |g| < 1 ; the following 
lemma describes the behavior of this function for q ^ s , e a root of 1. 
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Lemma 2.2. ([Re], Lemma 3.4-1) Let e be a primitive £-th root of 1, with I odd. The 
asymptotic behavior of the function (of q) (z; q)^ for q ^ e is given by 

9)~ = -p ■ [' '-^^^ A ■ n (1 - • (1 + - -)) = 

\ / k-0 .2.1) 

= «p E ■ j ■ n (1 - -'-f ■ (1 + o(, - .)) . 

Proof. Taylor expansion of log(l —t) shows that the two expressions in right- hand-side of 
(2.1) are equivalent. Now, the function {z;q)^ satisfies the difi^erence equation 

(V;«)^=(j^ (2.2) 



and it is uniquely determined by this property along with the condition (0; q)oo = 1 • But 

( oo \ £-1 

I n=l / fc=0 

has the asymptotic behavior, for — > e , of the solution of (2.2); in fact we have 



llfc=0 y^ ^l ) ®^Pl log(g«^) ^n=l n^l ^ I ' 1 lfc=0 l""- ^ 



k=0 



n ( 1 _ e^zq^ ) ■ n'-i n - .nk\ ■ """"P 



-^v nti (1 - zq^) ^ I i-ir\q'' - 1)7- 



A;=0 



-^^7 ntUi-^s') *^VE»=o(-i)"(9"-i)7(»+i); ' 

when ^ £ we have lim^^e ^l^o ("l)"" (?^^ ~ l) = 1) finiq^e(n)g^2 = n , 



Ylk=o {s'' — z) = 1 — z^ , thus we get 



lim — . ^xp /V 

{z;q)i-^zq4Q) 1-^^ \^ i~^^ i~^^ 

i. e. limq_>i [z-q)''-i^\{q) ~ 1 • Moreover from definition V'o(9) = 1 • The claim follows. □ 
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§ 3 Autoquasitriangularity of quantum enveloping algebras 

3.1. As we said, it is well known that quantum algebras Uhio) are quasitriangular; this 
is proved by means of Drinfeld's method of the "quantum double" (cf. [Dr] and others). 
On the other hand, for the C(q')-algebras U^{q) the correct statement is that they are 
autoquasitriangular; for g = s((2) , this is proved in [Re]: here we quickly perform the 
(straightforward) generalization. 

To begin with we define a suitable completion of U^{q) , namely 

I n=0 J 

where P~ G t/^(b_), P+ G ?7^^(b+) {U^^{b±) being opposite quantum Borel subalgebr as) , 
e E|/3|=n {U^i5))p^ G E|/3|=-n (^^f (s))^ " is dear that t/f (0)®' is a completion 
of U^{g)'^'^ as Hopf algebra. From now on, as in [DD], [DP], we set Ea := Xa, Fa := Ya- 

Theorem 3.2. LetTZ^^^ be the algebra automorphism ofU^{Q)^^ defined by 

7e(°) (L^ ® 1) := ® 1 , 7^(0) (1 ® L^) := 1 
7^(°) 1) := Ei L_«, , 7^(°) (1 Ei) := L_«, (g) Ei 
n^^\Fi ® 1) := Fi ® La, , 7^(°^l ® ^0 := ^a, ® 

(i = l,...,n; lie M) and let e U^igf^ be defined by 

r/ien ([/^(g), Ad(-R*^^^) o7^*^°)) zs an autoquasitriangular Hopf algebra, with R^^^ as 
R-matrix. 

Proof. We just outline the main steps, details being trivial. First of all, direct computation 
on generators shows that (1.9) and (1.10) hold. Then define C e U^io)^^ (c U^{q)^^^ 

by 

I3&Q+ 

where Q+ := Q H is the positive root lattice and is the canonical element of the 
bilinear pairing (U^{b+))^ x (U^{b-)) _^ — C{q) among quantum Borel algebras; let 

also $ := 7^(°)~^ ; then it is proved in [Ta], Theorem 4.3.3 that {U^{q), C, $) is a pretri- 
angular Hopf algebra; the same proof also works for U^{q) instead of U^{q). Now trivial 
checking yields R^^^ = $~^(C) (more or less by definition); therefore pretriangularity of 
{U^{g), C, $) implies autoquasitriangularity of (f/^^(s), Ad(i?(^)) o7^(°)). □ 
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Remark 3.3. Applying the remarks in §2 we can provide a multiplicative formula for 
the universal i?-matrix R^^^ of U^{g), namely 

= J] expg^ - Qa) ■ Ea ® Fa) = 

aeR+ 

= n ((^«~' - • (1 - • ^« ® = 
= n ((^«~^ ~ ■ ^« ~ ■ ® -^«) = 

where Ea '■= {qa — Qa^) Ea and Fa '■= {qa — Qa^) F^ denote modified root vectors; in 
other words 

R^'^= n {qa-Ea®Fa-,ql)-\ (3.1) 

aeR+ 

Definition 3.4. We letU^{Q) he the C^q, q~^\-subalgebra ofU^{g) generated by 

L^,Ea\aeR+,iieMY 
Furthermore, for any c & C we let 



(with C = C[g, q~^] / {q — c) ) be the corresponding specialized algebra. □ 

Remark 3.5. The previous definition is different but equivalent to the original one in 
[DP], §12, equivalence arising from the very description of U^{q) made therein. It is also 

proved in [DP] that U^{q) is a C[q, g~^] -integer form of U^{q). 

3.6. Our goal now is to show that U^{q) is autoquasitriangular: to be precise, we could 
say that the autoquasitriangular structure of U^{q) gives by restriction an autoquasitri- 
angular structure for U^{q). To begin with, we define a suitable completion of U^{q)®'^ 
(mimicking §3.1), namely 

+ 00 



n=0 



Where P" e <(b_), P+ G <(b+), 8^ e Y.\p\=n «(0))^> e E|/j|=-n 

It is clear that U^{q)®'^ is a completion of U^{q)®'^ as Hopf algebra; moreover we have 

U^{q)®^ C U^{q)®^ via the natural embedding U^{q) ^ — > U^{g) . 
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Proposition 3.7. The restriction o/7^(°) (cf. Corollary 3.3) to U^\q)®'^ is defined by 

:^)(L^(8)1) :=L^(8)1 , :^)(1®L^) := 1(8)L^ 
7^(0)(Ea 1) :=E^0L-^ , 7^(")(l := L-^®E, 

(n E M, a G -R"*" y) so that TZ^'^^ restricts to an algebra automorphism T^C^) of U^{q)®'^ . 
Moreover, let R^^^ e U^Xq)'^'^ be defined (as in Corollary 3.3) by 

Then Ad (R^^^) restricts to an automorphism ofU^ig)^^, and (u^{Q),'JZj — 
with TZ := 7?.(^) o7?.(o) — is an autoquasitriangular Hopf algebra. 

Proof. The first part of the statement is trivial. As for the second, we must recall that 
the specialization Uf^{Q) := U^{q) j {q — 1)U^{q) is a commutative C-algebra (cf. [DP], 
§12). Now from (3.1) we have 

R^'^- n {^o.-E^®F^-qi)-'= n 

oteR+ aeR+ 



letting R\' := [q^ ■ Ea ® Fa', (la)oo ^ ^ ' Lemma 2.2 (for £ = 1 ) gives 

R^^ = exp (^-^ .J—.^(q^.E^® F«)^ -{l-q^-E^® F^) ■ (l + 0{q - 1)) 

where we set (p{z) := X^^i 7^ -^^ ; ^ usual. Therefore we fall within the framework of 
[Re], §3, hence we can apply Reshetikin's trick to conclude: namely, applying Lemma 3.2.2 
of [Re] we get for all a e i?+ 

Ad (a) = • a ■ R('C ^ K^of^ 

for all a G U^{q)®^ , i. e. Ad (r^I^^ restricts to an automorphism 7^L^^ of ^^(g)®^; thus 

also Ad (i?(i)) = Ad (naefl+ ^«^) = llaeR+ Ad (r^^^) = UaeR+ ^« ^ ) does restrict to 
an automorphism 7?.(^) of U^{q)®'^ as claimed. Then Theorem 3.2 yields the claim. □ 

Corollary 3.8. For any c e C, let TZc be the algebra automorphism of L{^{g)^^ given by 
specialization ofTZ at q = c. Then (U^{q),TZc) is an autoquasitriangular Hopf algebra. □ 
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§ 4 Geometrical meaning of autoquasitriangularity 

4.1 Geometric framework. In this section we turn to geometry: our aim is to show 
that the series describing the adjoint action of the i?-matrix of a quantum group are more 
than formal objects, for they do converge, in a proper sense, so that such action does yield 
well-defined automorphisms of geometric objects. 

Let G be a connected simply connected semisimple Poisson algebraic group over C 
with Q as tangent Lie bialgebra; then there exists a uniquely defined connected simply 
connected semisimple affine algebraic Poisson group H over C with tangent Lie bialgebra 
Q* and algebra of polynomial functions F [H] , which is called the Poisson group dual of G 
(cf. e. g. [DP], §11). 

Let £ G N be odd, i > d := ma,Xi{di} , or £ = 1 ; then let £ G C be a primitive 
£-th root of 1. As a matter of notation, let Us '■= Uf^Q) , Zg := Z {Us) (the centre of 
Us). Everything in the sequel can then be suitably extended to the case of quantum group 
Ug\9) with general lattice M. From the analysis in [DP] (cf also [DK], [DKP]) we recaU 
the following results: 

(a) The subalgebra Zq of Us generated by E^, F^, Lf {a G R^, i = l,...,n) is 
central, i. e. Zq <Z Zs . 

(h) Zs and Zq inherit (from U^ig)) canonical structures of Poisson algebras; in partic- 
ular, Zq is a Poisson Hopf algebra. 

(c) There exists an isomorphism Zq = F[H] as Poisson Hopf algebras (with respect to 
a suitable normalization of the Poisson bracket on Zq), hence Spcc^Zq) = as Poisson 
(complex affine algebraic) groups. In particular (for £ = 1) Spec (Wf (g)) ^ H . 

RecaU that in [DK], [DKP], [DP] the spectra Spec{Us), Spec{Zs), and 5pec(Zo) are 
introduced as the set of isomorphism classes of finite dimensional representations of the 
corresponding algebras U^, Z^, and Zq; in particular Spec^Zg) and Spcc^Zq) can be iden- 
tified with usual geometric objects, namely complex affine algebraic varieties describing 
the maximal spectrum of Zs and Zq; since Zq = F[H] as Poisson Hopf algebras, we also 
have Spec^Zo) = H as Poisson affine algebraic groups (over C); thus in the sequel we will 
also set Hs := Spec^Zs) and Ss '■= Spec{Ue) ■ The analysis in [DP] describes Spec(Us) 
as {espace etale of) a sheaf — or a fibre bundle — of algebras over Spcc^Zq) or Spec(^Zs); 
in particular we can think at Us as the algebra of global sections of this sheaf. 

Now set 



Va ■■= fI 



— 



x„ := E 



and in particular yi := ^q. , Zi := z^^ , Xi := x^^ (i = 1, . . . ,n). Following [DK], §3.5, we 

denote by Zq the algebra of all formal power series in the i/aS, z^^^s, XaS which converge 
to meromorphic functions for all complex values of the j/a's, x^s, and all non-zero complex 

values of the Zj's; then let Us := Zq <Sizo Us, Zs := Zq <Sizo Zs ■ In other words we can 
think at Ug as the algebra of global meromorphic sections of the corresponding bundle of 
algebras over S'pec(Zo) = H . Similar notations and definitions will be used when dealing 
with square tensor powers, like Zq^'^, Z^®'^ , and so on. Notice also that 5*^60(^0 ® Zq) = 
Spec{ZQ) X Spec{Zo) = H x H , Spec{Zs ® Zs) = Spec{Zs) x Spec{Zs) ^ Hs x Hs , 

Spec{Us ® Us) = Spec{Us) x Spec{Us) = Ss x Ss , 

Warning: when dealing with cross-product spaces like X x y , we shall use left subscripts 
to denote functions of either of the two spaces, viz. 2^ '■= 1 ^ x , lE^ '■= E^t <8) 1 , etc. 
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Let n^^^ be any fixed ramified AT-fold covering (for N e NU {00} ) of H (so that Ti^^) x 
is an A?"- fold covering oiH xH); then we denote by TCi^^ and Se^^ the fiber products 
ni^^ := n^^^ Xh He and S^e^^ := H^^^ Xh Se- Notice that ui^^ = Spec (^4) and 

Se^^ — Spec (^Ug^ ; furthermore, 7i^^^ and Ti.i^'^ clearly have a unique Poisson structure 

compatible with the covering map, so that Ti.i'^^ is a (complex analytic) Poisson variety and 
is a (complex analytic) Poisson group. Finally, t :— a*: H x H — > H x H [a being 
defined in §1.3) is given by {x,y) ^ {y,x) ; then t^^^-.U^^) x — > H^^^ x H^^^ , 
also given by (a;, y) 1— > (y, a;) , is a lifting of r to H^^^ x H^^^ 

Fix now i > 1: we arc ready for the next result, which claims that the "formal auto- 
morphism" TZs giving the autoquasitriangular structure of Us actually does converge in a 
proper sense. 

Proposition 4.2. The algebra automorphism IZe- Uf^ — * Uf^ defines a meromorphic 
automorphism 71* ^ of Ss^^ x Ss^^ , which restricts to meromorphic Poisson automor- 
phisms ni^: ni°^'^ X n^r^ — > v!r^ x ni°^'^ and ni^-. x n^°^^ — > n^^^ x n^°°^ . 

Moreover, Ti-l^oo ^'^^ ^^•^ restriction enjoy the dual properties of (I.4-6); in particular, 
TZ* T , and m(TZ^{x, j/)) = m{y, x) = y • x for all elements x, y of the Poisson group 
n^°°^ (m and "■ " denoting the product ofn^°°^ ). 

Proof. The first step in the proof amounts to show that series 7?.e(x ® y) do converge 
almost everywhere on a suitable covering <si°°^ x si°°^ . Recall (cf. Proposition 3.2 and its 
proof) tha^:^ := 1^)0!^) , thus 7^e := n^'^\on^% with := T^) mod [q-e) and 
7^(l)g := 7e(i) mod [q-e). For 7^W the very definition implies that no problem of conver- 
gence (nor of domain of definition) occurs. For recall that 7^(l) := Ad [R^^^] 

and 

R^^^:= n {qa-E^®F^-ql)-^= J] R^a^ (4-1) 



-1 

X) 



where R^a '■= {qa • Ea <8) Fa', ?a)oo ^ ' ^^^^ proof of Proposition 3.2; therefore 

Ad = n Ad - n Ad {{qa ■ Ea ® Fa, ql) • (4.2) 



YeR+ cxeR+ 



Now again we apply Reshetikin's trick: from [Re], Lemma 3.2.2 and formulas (3.2.10- 
11), and from our Lemma 2.2 we get 

Ad mod (g - e) =Ad ((g^ • Ea ® Fa; ql)^') mod {q - s) = 

= Ad ^exp ^-^^^^ mod (g - £) = exp (^ad{ , }($a)) mod (g - s) = (-43) 
= exp ^ad{ , } ^ ■ ^{qaEa ® -^«))) "^^d {q - e) 
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whith 



:= ( iJ^^^Ji^^ ■ ^ (^«^« - - ^) • log ( n -7(1 - S^'QaEa ® F^) 



(1 + 0{q - e)) = exp | ^J^^Ji2^^ " ^ (^a^a ® i^a) ) mod {q - s) 



and 



f log(l - r) r" 
<^(t) := y dr = — (by Taylor expansion) 



Notice that 



n=l ) n=l 



00 



,n-l 



^ 00 / 



n=l n—1 



(because of Leibnitz' rule: {•,?/}= — ad{ ^ }(?/) is a derivation!), hence 

ad{ , } (t • (^(x)) = V' (a^O • ad{ , } • 2;^) 
with il}{t) := '°s(^~^) = (by Taylor expansion again), and then 

exp(^ad{ , }(t • ^(a;))) = exp(^V;(a;^) • ad{ , }(t • /)) ; 
together with (4.3) this gives 

Ad {rS^^^ mod {q-s)= exp (^ad{ , } (^^^ " V {^ocEa ® ^a)^ ^ = 

= exp(^V(?i^l®^l) •ad{ , ql .Ei^pCj^ mod (?-£) = 



= exp 



2dae^ 

Therefore we have to show that the formal series 



i^iXa^Va) ■ , yiXa^Va)^ mod (g - s) 



exp ^ ■ ipixa ® Va) • ad{ ,}{xa<^ Va)^ {x <8) y) 

for X, y generators of Ug (that is x, y e { 1, Fq, L^, Fq, mod {q — e)\i = 1, . . . , n, a e 

R+ } ) does converge (to a meromorphic function ). But notice that the 

following obvious identity holds (for all n G N ) 



e 

'2d, 
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because of Leibnitz' rule and ad{ ^ }{xc Va) (y 2d P i^i^a ® j/of) j = 0; moreover, 

ip{xa ® Pa) is a meromorphic function on the cxo-fold ramified covering Ti,^°^'> x 7^*^°°^ of 
H X H. Now recall that 



[x ^ y, z ^ w] — [x, z] ® yw + xz ® [y, w] ; 



(4.4) 



then set lea := ad[ ^ ] (^lE^ 
lea := ad[ , j (i^^i^^) 



2la 



q=e 



q=e \\og{ql^^) 
1 



adr 



■ ad 



(.F<") 



observe that 



q=s 



q=e \ log [q^J-^] 



q=e 



ad{ , } (iXc) 



2d 



— 2- • ad{ , } (aya) 



and let m{x):y i— > a;y (left multiplication by x); then formula (4.4) gives 



ad{ , } (Xa (g) 2/a) = (g) m (22/a) + (l^^a) ® 2fa I 



(4.5) 



one trivially checks that 160, (8) m (2^0) ^ind m (la^Q,) (8) 2fa are operators which commute 
with each other, thus (4.5) gives 

exp(a,d{ ^ y{xa®ya)^ = exp(iea ® m (22/a) ) ° exp(m (iXq,) (g) 2fa) ; (4.6) 
for X, y generators of we have 



exp(V'(xQ(8)?/Q) • m (^oi)®^a){x®y) = exp( ^^^^ _ ^^"^ • ix^ ■ fa ) {x®y) = 



= exp| ^^g(l-^"--^^-) .f^)(, 

2?/a 



= exp 



ia:^a ■ 2ya 

log(l - iXq, ■ 2?/c 
22/a 



(4.7) 



fa (y) - a; (8)1. 



It is proved in [DK], §3, that exp (t • fa) converges to a holomorphic automorphism of 
the algebra of global holomorphic sections of Sg (as a bundle over H), for all t e C; 
when t is replaced with any meromorphic function on the series wc get does converge 
to an automorphism of the algebra of meromorphic sections (of. formulas in the proof 

of Proposition 3.5 of [DK]); since i°g(i-i^"-^^") is meromorphic on the 00-fold covering 
we conclude that exp {il){xa ® Va) ■ ^{iXce) ^ 2^ce) does converge to a mero- 
morphic section of Sg"^^ x Sg'^^ ; the same holds for exp (-(/'(xq, (g) y^) ■ (g> rn{2ya)) , and 



finally for Ad (^R^a^ 



^^P ( Mll^ ■ '^(^a ® Va) ■ ad{ , }(Xo, g) I/a)) 



q. e. d. 



q=e 



For the second part, notice that TZ'^^\ clearly leaves invariant both Zg®^ and Zq®^, hence 

its dual leaves invariant xH^^^ and 7^^°°) x7i(~) ; moreover, since is a product 

of terms 

Ad ^ — exp ( 2^ £2 ■ ''^ ® I/a) • ad{ ^ } (xq, <8) ya) 1 
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since Zg®^ and Zq®^ are closed for the Poisson bracket, and since ® Ha G Zq®"^ C 

Z®'^ , we have that the dual of TZ^^l leaves v!^^ x V^T^ and H^^^ x H^^^ invariant; 

thus we conclude that 7^* leaves x Hi°^^ and x invariant. Finally, it 

clearly preserves the Poisson structure because TZ^ is defined by specializing an algebra 

automorphism of ^^(fl)®^, whence 



n{x),n{y) 



q-s 



= {T^e{xo),Tie{yo)} . 

q=s 



The proof of the last part of the statement is completely trivial, by functoriality. □ 



A deeper analysis yelds to improve the previous result, proving that the convergence 
already holds on Gnite ramified coverings, as the following shows. 

Theorem 4.3. The meromorphic automorphism 7^*: Ss^^ x — > »si°°^ x Ss°°^ push 
down to a birational automorphism f S^^^ x S^^^ — > s'^^^ x s'^^^ ; moreover, 7?.*^ ^ 

T^'^^\ and TZ* £ enjoys the dual properties of (I.4-6). 

The same holds with Hg, resp. H instead of Sg, with a birational Poisson automorphism 
nf'^xnf'^ ^ nf'^ xUf^^ , resp. 7^*,: H^^'^xH^^^'^ ^ n^^^^ xU^^') ■. m particular, 

m (TZ*,(,{x,y)^ = m{y,x) = y • x for all elements x, y of the Poisson group 7^(2^) (where 

m and " ■ " denote the product of TiP^^ ). 

Proof. It is clear that for TZ^^\ everything is o.k. As for TZ^^\, from the proof of Proposition 
4.2 we see that it is enough to show that 

exp ^ ^l){xa ® ya) • ad{ , } {xa ® ya)^ {x ® y) (4.8) 

(for any x, y in Ug) is a rational section of the bundle iSi^^"* on a 2£-fold ramified covering 
^(2^) of H : this again amounts to perform some computations. In particular (cf. (4.4-7)) 
we are reduced to check the same for functions 

f log(l - iXc ■ 22/a) \ / X 

exp I iBa 1 [ix ■ 2y) 

^ '"^^ ^ (4.9) 



/ log (1 - iXa ■ 2ya) r \ / \ 
exp ^ ■ 2fa [iX ■ 2y) 



We deal with the first function above, the proof for the second following by symmetry. 
Since . ^e^, is a derivation of ?7g®^, its exponential is an automorphism of 

1 

^2 iog(i-ia.„.2^„) .^ee,(l0y) = , whence exp ( ^"s{i-i^^-2y.) . q ^ ) _ ^ 

for all y e Us] therefore we have only to compute exp ^ iog(i-ijc„-2i/a) . j^ea^ (a; (g) 1) for 

X = ix <E Ug : in particular, it is enough to take a; to be a generator of Us, namely 
X e {Fi,Lx,Ej\iJ ^l,...,n;Xe P} . 
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Like in the proof of [DK], Proposition 3.5, exploiting the braid group action we can 
restrict to the case of simple roots a = ctj, % = l,...,n (thus we set lEi := i-Eq,^, 
iCj := leo;., and so on), using formulas 



lEa = Tyj (lEi) , iFc, = {iFi) for a = w{ai) 

iBa = Tyjo o , ifo; = Tyjo ifj o for a = w{ai) 



(cf. [DK], §3.4), where T^; denotes the unique element of the braid group associated to 
w e W. Moreover, from direct computation or resuming formulas in the proof of [DK], 
Proposition 3.5, we get, mutatis mutandis, 

exp (t ■ le,) (iLa) = e«"^l^>/2^)-*--- iLa 
exp(t • lei) {iFj) = 

= iFj - 6ij I £ 'Lai-\ e~ 'L_c,. j • 

for any indeterminate t which commutes with lEi (where {ai\\) := 2{ai\X) / {ai\ai) e 
Z); when instead of t we have the meromomorphic function (which does 

commute with iEi\) the previous formulas give 

/ log (1 - ix, ■ 22/i) \r T \ n ^^^^ 
exp I iBi 1 [iLx) = (1 - iXi ■ 2yi) 

exp ( . ,e.) (,F,) = ,Fj- 

\ iXi \Xi 



■t-1 



and both these are rational functions 

Now we are left with the = Ej, j = 1, . . . ,n . Consider iej(i£^j) ; if a^- = 2 

(i. e. i = j) or = we have iei(i£'j) = , hence 

/ log (l - i.r,: • 2//z) \ / -p \ -p 
exp I iCj 1 [lEj) = lEj . 

\ iXi J 

Therefore we are reduced to make computations in the connected rank 2 case. To this 
end, we will follow conventions and notations of [DP] , Appendix, and skip for a while left 

bottom indices "1" (i. e. \Ei = Ei , etc.). 

We develop the A2 case; the procedure is the same in the remaining cases but the 
computations are longer (cf. also the Remark after the proof). 

In this case we have di = 1 = 62 . Define the root vector £^12 := -Eai+aa ^ ^qio) ^ 

Ea,, = Ei2 := Ti{E2) = -E1E2 + q-^E2Ei (4.11) 

then we have 

E2E1 = qEiE2 + qEi2 , E12E1 — q E1E12 (4-12) 
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Let C{q){Ei) be the field of rational functions in the indeterminate Ei with coefficients 
in C{q); let M be the C(q')(£'i)-vector space with basis {E2,Ei2}' then (4.12) tells us 
that the operation of right multiplication by Ei yields an cndomorphism of M defined 
by the matrix (with respect to the ordered C(g)(£^i)-basis {£^2, E12} ) 



qEi 
q q-^Ei 



therefore multiplication by E^ yields the endomorphism of M defined by the matrix 



qEi 



q q-'Et 
Thus for ei {E2) we have 

El E2 — E2 E[ 



{qEiT 



(4.13) 



ei {E2) := 



Ei^\E2 



[4! 



EiE2 - q^EiE2 - q[llE{-^ E12 



1-q^ q-q ^ ^i^^^ 



ql _ q-l [I _ 1 



q=s 



q=e 



q=e 



- 1], 



Ef ^ E12 



q=e 



— ^ • Eo — — E-i ■ E-io — — • Eo — — El ■ E-io 



(because jizjp, 
(4.12) gives 



(g-g ) 



(£-£ ) 



); on the other hand, for ei (-E'12) , 



ei(£;i2):= E^(^,E 



12 



q=e 



[4! 



E{ E2 - q~^E{ E 



12 



q=s 



[4! 



q=s 



1-9 q-q' 



E[ E12 



E, ^ 



2e 



^ E\2 — -^77 ■ E12 



2£ 



q=e 



therefore we conclude that ei restricts to an endomorphism of M defined by the matrix 



21 



hence e? = ( ) is given by the matrix 
M \ mJ 



r 2£ /xiV 

-()ne(2N+l) • ^ • y-Tl) • ^1 \2i) 
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exp(t • ei; 



M 



(for all n e N , where S^er '■= ^ for x e y and SxeY := for a; ^ 1" ), so that 

g-^-a;i Q 

^1 V / ^ 

where t denotes any indeterminate which commute with Ei ; in particular for t = 

— £ — £ ^ 

with wi := lEi ■ 2-F1 = iXi ■ 22/1 , we get 




log(l - Wi) 



e 

M \ ^ 



{l-Wi) 2« 




,' log(l - iXi ■ 2yi) \ { -p \ 

exp I lei I [1E2) 

iXi 



= (1 - ixi ■ 2yi) ^ ■1E2 - — ■ ((1- ixi ■ 2yi)^ - (1 - ixi ■ 2yi) ^) • i^/ ^ • 1E12 

1x1 \ / 

which is a rational section of a iSi^^"* x iSi^^^ , q. e. d. 

As for exp (^l2g(l^ga:2M . ^ everything comes from above by symmetry, namely 

because ^2 = siS2(ai) implies 1E2 = T1T2 (i-Ei) , 1-^2 = T1T2 (1-^1) , and 162 = 

(T1T2) o o (T1T2) ^ ; on the other hand, in the other cases of rank 2 (that is B2 and G2 ) 
such a symmetric situation does not occur, hence we must perform direct computation for 

g^p^iog(i^^£2:2y2) . ^g2^ too (this is entirely similar, although longer, to the previous one). 

Finally, it is clear that restricting to subalgebras and Zq we get (bi)rational Pois- 
son automorphisms of their spectra, by the same argument of the end of the proof of 
Proposition 4.2. □ 

Remark: the very (theoretical) reason why computations do work in all rank two cases, 
so that Theorem 4.3 does hold, lies in the availability of the commutation formulas for 
quantum root vectors (the so-called Levendorskij-Soibel'man formulas, cf. [DP], Theorem 
9.3), strictly related with the existence of a convex ordering on the set of positive roots. 

The previous result can be still improved when considering the central Hopf subalgebra 
Zq, hence the Poisson group H, as the following shows: 

Theorem 4.4. The birational Poisson automorphism n* f H^'^^^ x Ti^^^) _^ 7^(2^) ^ 7^(2^) 
push down to a birational Poisson automorphism TZ*fT-i^^^ x TY^^^ — > Ti.^'^^ x Ti^^) , inde- 
pendent of £, of a 2-fold ramified covering Ti^'^'^ x Ti.^'^^ of H x H ; moreover, 7?.*^ 7^ r*^^^ 
(the "twist" map of H^^^ x Ti^^) 7^*^ 

enjoys the dual properties of (I.4-6): in par- 
ticular, m ^TZ* ^{x,y)J = y ■ x for all elements x, y of the Poisson group Ti.^'^^ (where m 
and " ■ " denote the product of ). 

Proof. As for Theorem 4.3, the proof amounts to check that some series do converge on 
an appropriate covering. Namely, we have to check that 

exp (^^J^ ^(^a ® ya) ■ ad{ ,}{Xa® ya)^ {iW 2w) 
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does converge to a rational function on a covering 

7^(2) X 7^(2) as claimed for all a e R+ 
and for all jtu G { 1, iXf^, iZ\, | 7 e R'^; AeP}, i = 1,2 . This again amounts to 
prove the same for functions 

/log(l - i.r,, • 2 I/a) ^ . X 

exp iBoc {iw) 

V iXa ) 

/log(l - xXoc ■ 2ya) r \ ^ X 

exp 2fa {2W) 

\ 2ya J 

for all a and jW like above. As for Theorem 4.3, we deal with the first function, the proof 
for the second one following by symmetry. 

By the braid group action we can again reduce to the case of simple roots a = ai . 

Furthermore (cf. [DK], §3.4, and [DP], §19), with respect to coordinates := , z\ : — 

, y-y := , the formulas for derivations e^ are independent of £ : therefore we can fix 
£ = 1 and perform computations in Ui. 

Again direct computation (or formulas in the proof of [DK], Proposition 3.5) gives 

exp {t ■ le,) (i^a) = e^'^^l^)/^)-*-!-* • .z^ (4.14) 

for any indeterminate t which commutes with lEj, = ; then for t = -^e 

/log(l - la^i • 2yi) \ / N n 

exp iCj {izx) = (1 - iXi • 2yi) ^ ■ izx 

V iXi J 

which is a rational function on a 2-fold ramified covering Ti^'^^ x Ti^"^^ of H x H . 

Now consider exp ^l^silz^iisM . ^q.^ (ix^) , with 7 G -R"*" (notice that now simple root 

vectors Ej = Xj {j — 1, . . . ,n) are not enough to generate Ui (the "positive part" ofUi): 
we do need all root vectors E^ = x^ , 7 G i?"*" ). For any fixed pair (a, 7) of positive roots, 
let us denote by i?^^ the rank 2 root system spanned by {a, 7} in The following is 
well known (cf. e. g. [DP], first Lemma of §15.4): 

Claim: For any fixed pair (ctj, 7) of positive roots with simple, there exists w G W 
and cti, q;2 G R'^ such that w (-Rq^^q.^) — -^^^,7 cind w{ai) — oij . 

Thanks to Claim and (4.10) we are reduced to make computations in the rank 2 case; 
the same holds when considering exp ^]2Eil:iJ^ii:iMl . ^^.^ (12/7) , with 7 G R'^ (now again 

negative simple root vectors Fj — yj (j = 1, . . . ,n) are not enough to generate (the 
"negative part" oi Ui): we do need all negative root vectors F^ = y^, 7 G i?+). We 
denote by T the type of a root system of rank 2 (hence T G {^1 x Ai,A2, -B2, G2} )• 
T = Ai X All First of all, since e^ (xj) = Bj [Ej) =0 (j = 1, 2), we have 

exp ( i^^y — . ) {iXj) = iXj {j = 1,2); 



second, since ai2 = 0, we have Ci (xj) — (for z, j G {1, 2} , i j) whence 

f log{l - iXi ■ 2yi) \. . 
exp I — iCj 1 [iXj) = iXj 
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(for i,j e {1, 2} , i 7^ j) thus we are done with generators x^s. 

As for negative root vectors j/q, = Fa , we have ei{yj) = 5ij ■ {zai — Z-ai) , whence 

(thanks to (4.14)) for all neN+, thus 



exp (t ■ iQi) (lyj) = ipj - Sij 



-t-lXi _ 



for any indeterminate t which commutes with ix^; for t = ^"^''"'""^^'^^'^ we get 

'log(l - iXi ■ 22/i) 



exp 



iXi 



( 1 - iXj ■ 2yi) ^ - 1 (1 - iXj ■ 2i/i) - 1 



iXi 



iXi 



which is a rational fimction on a 2-fold ramified covering Ti^'^^ x TY*-^-* of H x H ( = 
Spec^Zo) X Spec{ZQ) ) . Since for T = Ai x Ai we have = {cti, 02} , we are done. 

T — A2: We follow again conventions and notations of [DP], Appendix. In the present 
case we have di = 1 = d2 , and R'^ = {ai, ai2 '■= ai + a2, 0:2} , and we define the root 
vector E12 ■■= -E1E2 - q-^E2Ei (cf. (4.11)). For 7 = CKi we have as above 



exp 



log(l - ixi ■ 2yi] 
1x1 



lei (1X1) = ixi . 



Then let M be the C(q')(i?i)-vector space with basis {x2,Xi2} = {E2, E12} : then 
(4.12) tells us that the operation of right multiplication by Ei yields an endomorphism of 
M defined by the matrix (with respect to {E2, E12} ) 



qEi 
q q-'Ei J ■ 



Thus for ei(a;2) we have 
ei(a;2) := [Ei,E2] 



q=l 



Zi ■ E1E2 



q-q 



[E1E2 — £'2-E'i) 
- [q ■ E12) 



q=l 



(-Ei-E'2 — qEiE2 — qEi2) 



q=l 



q=l 



q=l 



■ J^2 - J^12 — ■ X2 - X12 , 



on the other hand, for ei(a;i2) , (4.12) gives 



ei(a;i2) := [Ei,Ei2] 



q = l 



(^EiEi2 — Ei2Eij — (^EiE2 — q ^EiEi2) 



q = l 



q = l 
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therefore we conclude that ei restricts to an endomorphism of M defined by the matrix 





_1 £i 
^ 2 



hence e? = fei ^ is given by the matrix 
M \ mJ 



2 

_1 2il 
2 



(for all n e N , so that 

exp(t ■ 



M 



e 2 



■Xl 



— . ^^2'"^! — g 2''^!^ g2 



for any t which commutes with Ei , and for t = i°g(^ ia:i-2i/i) have 

1^1 



/log(i - ixi • 2yi) 
exp I Id 



Xl 



M 



(1 - la^i • 2yi) ^ ^ 

~ ■ ((1 - ixi ■ 2yi)^ - (1 - la^i • 2yi)~^) (1 - la^i • 2yi)- 

or, in other words, 

'log(l - ixi ■ 2yi) 



exp 



iXi 



lei (ia;2) = 



(1 - ixi ■ 2yi) ^ -1X2 — ^ • f (1 - ixi ■ 2yi) ^ -{i-iXf 2yi) ^ ) • 1X12 

1X1 \ / 

'log(l - 1x1 • 2yi) 



exp 



ixi 



lei (1X12) = (1 - 1X1 • 2^1)^ • 1^12 



and these are rational functions on a 2-fold ramified covering H^"^^ x TiP^ oi H xH, q. e. d. 

For negative root vectors Ha — F^s, define F^^^ = F12 :— Ti{F2) = —F2F1 + qFiF2 ; 
then we have again ei{yj) = Sij ■ {zai — -Z-ai) {j = 1) 2), whence 



= lyj - S 



li ■ 



log(l - ixi ■ 2yi) , , . 
exp I lei ) (ii/j) = 

\X\ 

(1 - ixi ■ 2yi)~^ - 1 



iXi 



(1 - ixi ■ 2yi) - 1 



iXi 



{j = 1, 2) which is a rational function on the proper covering; this takes care of 7 = ai 
and 7 = a2- At last, for 7 = ai2 '■= ai + a2 , we have 



61(2/12) = [El, F12] = {-F2 [El, Fi] + q [Ei,Fi] F2) 

q=l 



q=l 



= (-F2 {La, - L_a,) + q {La, - L-a,) F2) 



q=l 



q^-1 
q-q-^ 



■FoL 



2 -t^ai 



q=l 



= Za, ■ 2/2 
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now, since for all n e N we have 

GiiZa^ ■ y2) = ^liZaJ ■ ^2 = (-a^l)" " ^ai " ^2 

we get, for all n e N+ 

n/ \ n— 1/ \ n—1 / \n—l \ "^l) 

ei(yi2) = ei {Za^ ■ y^) = e-^ ■Za^y2 = [-xi) ■Za^y2 = Za^y2 



whence exp (t • ei) (7/12) = yi2 - " ^ ^ ■ Za-,y2 and finally 



/log(l - ia;i • 2yi) \. . {l-ixi-2yi) -1 
exp lei (12/12) = 12/12 i^ai • 12/2 

the latter being a rational function on the covering x TiP^ of x ilf , q. e. d. 

As for exp ^°^0--i^2-2y2) . ^^^^ ^ everything follows by symmetry; on the other hand, in 
cases B2 and G2 such a symmetric situation does not occur, hence we must perform direct 
computation for exp ^iHlilziiEa^iy^) . (which is completely similar, although quite 

longer, to the previous one). □ 

We stress the fact that the proof of Theorem 4.4 above also contains the proof of the 
following one, which means that the adjoint action of the i?-matrix does specialize for 
— > 1 to something more than formal, with a very precise geometric meaning: 

Theorem 4.5. For the autoquasitriangular Hopf algebra (^F[H],TZi) = {Ui,7li) the "for- 
mal automorphism" TZi is in fact an effective Poisson automorphism of the field of rational 
functions on H^'^^ xH^'^^ . In other words, TZi defines a Poisson birational automorphism TZ^ 
ofn^'^^xH^^'^ which enjoys the dual properties of (1.4~6), in particular m {TZi{x, y)) — y-x 
for all x,ye 7^(2) . □ 

4.6. Recall that, by general theory, one has Spec{A ^ B) = Spec{A) x Spec{B) for 
all associative unital algebras A and B; moreover, if M and are Poisson manifolds 
then M X N is a Poisson manifold too, whose symplectic leaves are all the products of 
symplectic leaves of M and N. In our context this implies that the symplectic leaves of 

X 2 

H^"^ (resp. (Ti^^)) ) are all the products of symplectic leaves of H (resp. TY^^) ). 

Let N e {2£, 00}. Let us denote by Zq the algebra of meromorphic functions on T-C^^\ 
As we said, we can look at Sg as a sheaf of algebras over H ; similarly, we can look at 

sheaf of algebras over Ti.^^^ : its algebra of meromorphic sections Us is then 
Us — 2o Us- Now represent the elements of H^^^ = Spec{ZQ) as maximal ideals of 
Zq, and let m e Ti^^) : the fibre over m of our sheaf is then Us/mUs • Similarly, the fibre 
over (m, n) e 'H(^) X (of the sheaf of algebras Sr' X Ss^^ over is 

{Ue (8) Ue)/{mUe ®Ue+Ue®nUe) ■ 
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is a meromorphic automorphism of Se^'' x Se^"^ as a fibre bundle 



Proposition 4.7. 7^* 

over 

-j^iN) ^ -j^iN) yj-fj^ respect to the meromorphic automorphism IZZ at 
base space Ti^^^ x Ti.^^^ ; in other words, the following diagram is commutative 



of the 



7^: 



7^: 



where — )• Ti^^"^ X T:^^-'^) zs t/ie projection map of the fibre bundle. In 
particular TZ^ leaves invariant the fibres ofSe^^ x Se^^ over symplectic leaves ofH^^^ x 
(i. e. the preimages, with respect to tt, of symplectic leaves ofH^^^ x 7i^^^). 

Proof. This is more or less trivial, by construction. Let s = (m, n) e Spec [Zq^^) = 
^(AT) X 7^(iv) be a maximal ideal of Zq®^; then its fibre Ue^^/sUs®^ is mapped by 7^*^^ 



onto ni^[w 



'■)- 



TZs ^(5)We®^ , whence everything easily follows. □ 
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